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Abstract 

Hawking radiation from the black hole in Horava-Lifshitz gravity is discussed by a re- 
formulation of the tunneling method given in |17) . Using a density matrix technique the 
radiation spectrum is derived which is identical to that of a perfect black body. Lhe tem- 
perature obtained here is proportional to the surface gravity of the black hole as occurs 
in usual Einstein gravity. Lhe entropy is also derived by using the first law of black hole 
thermodynamics. Einally, the spectrum of entropy/area is obtained. Lhe latter result is also 
discussed from the viewpoint of quasi-normal modes. Both methods lead to an equispaced 
entropy spectrum, although the value of the spacing is not the same. On the other hand, 
since the entropy is not proportional to the horizon area of the black hole, the area spectrum 
' is not equidistant, a finding which also holds for the Einstein-Gauss-Bonnet theory. 

m 

1 Introduction 

0^ , Inspired by condensed matter models of dynamical critical system, Hofava proposed a new four 
dimensional theory of gravity pQ, popularly known as Hofava-Lifshitz gravity. Since then a lot 
of attention has been given in several directions [2J |3] of this Hofava-Lifshitz gravity theory. 

Recently, it has also been shown that a static spherically symmetric black hole solution 
exists in this theory for the Lifshitz point z = 3 [H [5] and for z = 4 [6] 0. A study of the 
thermodynamic properties of this black hole has also been done [U El ITO] [HJ [11]. Surprisingly, 
however, there does not exist any detailed study of the Hawking effect [12], except for some 
sporadic attempts [HI [14]. The motivation of this paper is to fill such a gap. We feel this 
study to be important since the Hawking radiation is crucial to give the black holes one of its 
thermodynamic properties making it consistent with the rest of physics. 

The Hawking effect can be discussed by Hawking's original approach [12] or anomaly method 
|15[ [16] . Here we will discuss the Hawking effect by a physically intuitive picture - a reformulation 
P21II8] of the standard tunneling formalism^ p32 [20], [21] . The advantage of this approach [T7"1[T8] 
is that, in contrast to [191 [201 EZl [281 [22], the spectrum is directly obtained instead of just the 
temperature. 

In this paper, we will study the propagation of scalar fields on the background of Hofava- 
Lifshitz black hole spacetime for z = 3. Following the reformulation of the tunneling mechanism 
|17[ [181 [23] the explicit expressions of the left and right moving modes in the semi-classical 
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limit (i.e. h — > 0) as seen by an asymptotic observer will be given. Exploiting a density matrix 
technique the radiation spectrum will be derived. We find that the distribution function exactly 
matches with the black body radiation with a temperature proportional to the surface gravity 
of the black hole. This is a new result in the context of black holes in Hofava-Lifshitz gravity. 

Also, we will calculate the thermodynamic entities of the black hole. Using the first law of 
thermodynamics the expression for the entropy will be derived. In this case the entropy is not 
proportional to the area of the event horizon as happens in Einstein gravity; rather it has an 
extra additive logarithmic term involving the area. 

Another purpose of this paper is to study the nature of entropy/area spectrum of the Hofava- 
Lifshitz black hole. Here we will use two methods: tunneling method |23j and quasi-normal mode 
(QNM) method [24j [25], [26] . In both approaches the entropy (and not area) spectrum is seen to 
be equispaced.We also observe that, although there is a discrepancy in the value of the entropy 
spacing in the tunneling and quasi normal mode approaches, the order of magnitude is same. 
The probable reason for such discrepancy is also discussed here. 

The organization of the paper is as follows. In section-2 a short discussion on the black 
hole solution of Hofava-Lifshitz gravity and the expressions of the modes of the scalar particle 
as seen by an asymptotic observer are presented. The radiation spectrum is calculated in the 
next section. Explicit forms of the temperature and the entropy of the black hole are derived 
in section-4. Section-5 is devoted for the discussions on the entropy/area spectrum. Finally, we 
give the concluding remarks. 



2 Tunneling in black hole in Hofava-Lifshitz gravity 

The spherically symmetric static black hole solution at the Lifshitz point z = 3 in Hofava-Lifshitz 
theory was obtained as [5] , 

ds% = -N\r)dt* + ^ r) +r 2 dnl (1) 

where dfl 2 , is the line element for a two dimensional Einstein space with constant scalar curvature 
2a. Without loss of generality, one can take a = 0, ±1 respectively. The metric coefficients are 
given by [5], 

/ ( r) = a + a; 2_ aa .(2A±V^2)/(A-l) ) (2) 
N (r) = a -(l+3A±2V6A=2)/(A-l) JJ^ (3) 

where a is the integration constant and A is the coupling constant, susceptible to quantum 
corrections [TJ. Here x = ry—h with A is the cosmological constant. Now, for the above metric 
coefficients to be real, A must be greater than i. Hence in this case, as explained in [3], the 
cosmological constant A is negative. 

Henceforth we will consider the A = 1 case, which is of particular interest. The metric 
coefficients can then be obtained from ([2]) and ([3]) after taking the limit A — > 1. Here it must 
be noted that for the positive sign of (I2|3p . this limit does not exist, while for the other sign, it 
exists. Therefore, for the negative sign, it leads to the following solutions: 

N 2 (r) = f(r) = a + x 2 - ay^; x = rV^A . (4) 

This solution is asymptotically AdS± and has a singularity at x = if a ^ 0. This singularity 
could be covered by the black hole horizon at x+, the largest root of the equation f(x+) = 0. 
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For a = 1, equation Q reduces to that obtained in |4j. The ADM mass of this black hole is 
given by [5], 




M = 1 Z \ u a z . (5) 



Since A is negative [4] and a is a real constant, the black hole mass M is always positive and 
real. 

Now to find the modes of the particle as seen by the observer situated outside the event hori- 
zon, consider the massless Klein-Gordon (KG) equation g^V^V^^ = under the background 
Proceeding in a similar way as presented in \17\ [T8] we obtain that the modes which are 
travelling in the "in" and "out" sectors of the black hole horizon are connected through the 
expressions 



e nK 4>out ( 6 ) 



J in Vout i 



(7) 



where uj is the effective energy of the emitted particle as measured at infinity and k is the surface 
gravity defined by 



_ 1 df{r) 



2 dr 



(8) 



Here L (R) refers to the ingoing (outgoing) mode. r + is the event horizon of the black hole 
([TJ . In the set (|6|7p , the left hand side modes of the equality represent the pair produced inside 
the black hole while those on the right hand side of equality represent the modes of that pair 
if one observes from outside the black hole. Since the physical quantities for the black hole 
are measured from the outside observer, we will always use this set of transformations in the 
subsequent analysis. 

Now, since the left moving mode travels towards the center of the black hole, its probability 
to go inside, as measured by an external observer, is 

P {L) = \^\ 2 = \& = 1 (9) 

where we have used ([7]) to recast <p[^ in terms of <p^ t since measurements are done by an 
outside observer. This shows that the left moving (ingoing) mode is trapped inside the black 
hole, as expected. On the other hand the right moving mode, i.e. <f> in , tunnels through the 
event horizon. So proceeding in the similar way we obtain the tunneling probability as seen by 
an external observer as p( R ) = l^^l 2 = | e~ ^ <p^] \ 2 = e~~ , i.e. there is a finite probability 
for the outgoing mode to cross the horizon. 



3 Radiation spectrum 

In this section we will derive the emission spectrum from the black hole in the tunneling approach 
with the help of density matrix technique developed in [18]. Now to find this spectrum, we first 
consider n number of non- interacting virtual pairs that are created inside the black hole. Each 
of these pairs is represented by the modes defined in the left side of the equality of (JU [7|) . Then 
the physical state of the system, observed from outside, is given by, 

|* >= > ®|ng> >= ^£ e "^out > ®|n<g t > (10) 

n n 
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where use has been made of the transformations ([6]) and ([7]). Here |^q^+ > corresponds to 
n number of left going modes and so on while N is a normalization constant which can be 
determined by using the normalization condition < >= 1. This immediately yields, N = 

2 e~ fi « ) . The sum will be calculated for both bosons and fermions. For bosons n = 

n 

0, 1, 2, 3, .... whereas for fermions n = 0, 1. With these values of n we obtain the normalization 
constant as 1 181, 



■^(boson) 



1-e- — ) 2 - ^ (fermi on) = ( 1 + e "~) (11) 



From here on our analysis will be only for bosons since for fermions the analysis is identical. For 
bosons the density matrix operator of the system is given by, 

^(boson) — l 1 ^ ^ (boson) ^ ^ I (boson) 

= (l-e-^)E e " 3 ^ e_! ^l n St > ®l n SS i >< w »Stl®< ro Stl ( 12 ) 

n,m 

on exploiting (|10p with the normalization (jlip . Now tracing out the ingoing (left) modes we 
obtain the density matrix for the outgoing modes, 

boson) = I 1 " e RK J L e RK Kut >< "outl ( 13 ) 

n 

Therefore the average number of particles detected at asymptotic infinity is given by, 



<^>(boson)= trace (^ ( boson)) = I 1 " 6 hK ) L 



ne r« 



e 



1 - (14) 



( R) 

where the trace is taken over all |^ ou ^ > eigenstates. This is the Bose distribution. Similar 
analysis for fermions leads to the Fermi distribution: 

1 

< n > (fermion) — — EI 7 ' > 

e b« + 1 

Note that both these distributions correspond to a black body spectrum with a temperature 
given by the Hawking expression, 

(16) 

Correspondingly, the Hawking flux can be obtained by integrating the above distribution func- 
tions over all w's. For fermions it is given by, 

Flux=-/ — = — - (17) 

JO e TK + 1 48-7T 

Similarly, the Hawking flux for bosons can be calculated, leading to the same answer. 
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4 Black hole thermodynamics 



In the previous section, the emission spectrum of the particle from the black hole has been 
derived. This is a perfectly black body spectrum with the temperature given by (|16|) . Now to 
find out the explicit form of the temperature, we will derive the surface gravity for this black. 
Use of the definition (|8|) and explicit form of metric coefficient @ yield the value of the surface 
gravity as, 

= ^±^^Ta (18) 

where, in the last step, we have substituted the value of a from the equation = 0. 

Therefore substituting this in (|16p the Hawking temperature of the black hole is given by 





T H = V-A (19) 



which has been obtained earlier in [SJ El Q2] by different methods. It is noted that there exits 

r ( \ 3 / 4 

an extremal limit (i.e. temperature vanishes) at x+ = w|, in which a = 4( |J 

The next step is to find the entropy of the black hole. As shown in [10], the first law of 
thermodynamics dM = ThcISbh holds in this case. We shall use this to find the entropy. Using 
© and ()19p in the first law of thermodynamics and integrating, we obtain, 

Sbh = — jz ^ a {x\ + 2a In x+) + So 
4n 

Here in the last step, the horizon area A = £l a r\ has been used. A$ is the integration constant 
of dimension of length square. Note that, the entropy is not just proportional to usually 
happens in Einstein gravity, rather it has an additive term proportional to logarithmic of area. 

5 Entropy and area spectrum 

In this section we will derive the spectrum for the entropy as well as the area of the black 
hole following two methods: tunneling method |23] and QNM method [Ml 123 ES]. Then a 
comparison of the results obtained in both methods will be done. 

5.1 Tunneling method 

It has already been mentioned that the pair production occurs inside the horizon. The relevant 
modes are given by left side of the equality of ([6l [7]). It has also been shown in the previous 
section that the left mode is trapped inside the black hole while the right mode can tunnel 
through the horizon which is observed at asymptotic infinity. Therefore, the average value of oj 
will be computed as 



< w >= ^'W • (21) 



G 



It should be stressed that the above definition is unique since the pair production occurs inside 
the black hole and it is the right moving mode that eventually escapes (tunnels) through the 
horizon. 
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expressions into their corresponding "out" expressions using the map ([6]) and then perform the 
integrations. This yields, 



oo 



f°° ™ / (R)\* —H±L (R) 

/ e Rk (rout) ^^ouidu 

<0J> = ^oo = ^7oc (22) 

where /3 is the inverse Hawking temperature 

'-r-f-- (23 > 

In a similar way one can compute the average squared energy of the particle detected by the 
asymptotic observer, < u 2 >= Jy. Hence the uncertainty in the detected energy u is given by, 



(Aw) = V<u 2 > - <lo> 2 = I3~ l =T H (24) 

which is nothing but the Hawking temperature Th- This uncertainty can be seen as the lack 
of information in energy of the black hole due to the particle emission. Now since, as stated 
earlier, 'w' is the effective energy of the emitted particle as measured by the outside observer 
and in the context of information theory, entropy is the lack of information, then substituting 
equation (|24|) in the first law of black hole mechanics 

T h (AS B h) = Aoo (25) 

one obtains 



ASbh = 1 • (26) 

This shows that the entropy of the black hole is quantized in units of the identity. Also, the 
entropy spectrum is equispaced and is given by 

S n = n (27) 

where n is an integer. Since the analysis is semi-classical, the above result is valid only for large 
n. Similar nature of entropy spectrum was obtained in Einstein and Einstein-Gauss-Bonnet 

theory |3ZI|211|251EI1I321|251I331ISII33I231. 

A couple of comments are in order here. First, the entropy quantum is universal in the sense 
that it is independent of the black hole parameters. This universality was also derived in the 
context of the new interpretation of quasi-normal moles of black holes [261 E3] for the case of 
Einstein gravity. Second, in the Einstein gravity, the same value was also obtained earlier by 
Hod by considering the Heisenberg uncertainty principle and Schwinger-type charge emission 
process [36] . 



5.2 Quasi-normal mode (QNM) method 

In the above analysis, the entropy spectrum is derived by the tunneling mechanism. In the 
following, we will derive this by the well known method prescribed in |26| . Here the frequency 
of the quasi-normal modes (QNM) plays an important role. 

According to this method, a black hole behaves like a damped harmonic oscillator whose 
frequency is given by / = (f R + f 2 )^, where fn and // are the real and imaginary parts of the 
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frequency of the QNM. In the large n (n is an integer) limit fj >> //j. Consequently one has 
to use // rather than in the adiabatic quantity [25] , 

ladiab = J ~~^J7~y\f\' = ^" n +l $ n (^) 

where W is the energy of the QNM. 

Here we shall calculate the entropy spectrum by using the adiabatic invariant quantity (|28p . 
Since in the large n limit, the imaginary part of the frequency of the QNM is relevant, our 
next task is to find this. It will be derived by the method prescribed in [38]. For simplicity, we 
consider a massless scalar field satisfying the wave equation V M V M ^ = in the space-time (PQ) 
where the metric coefficients are given by (j3|). We look for a solution to this wave equation of 
the form, 

<j>=-F(r)Y lm {e,<t>)e i ¥ (29) 
r 

with Re(.E')> 0. Substituting this in the wave equation and performing some simple algebra we 
obtain the following "Schrodinger like equation", 



d 2 



h 2 



dr *2 ■ V(r)\F(r) = TT F(r) (30) 



where the effective potential V(r) is given by, 



r- 



and the tortoise coordinate r* is defined as, 



dr 



(32) 



In principle (|3Up can be solved with a particular set of boundary conditions. But unfor- 
tunately, this equation cannot be solved exactly. Therefore to solve this one has to take the 
help of some approximate method. Here, we shall use the approximation method prescribed in 
|38j . Note that the effective potential (|3ip vanishes at the horizon (r* —> — oo) and diverges 
at spatial infinity (r* — > oo). Therefore, the QNMs are defined to be those for which one has 
purely ingoing plane wave at the horizon and no wave at spatial infinity, i.e. 

f iEr* 

771/ \ I left at r — > — oo / OQ \ 

F(r)\QNM ~ < t (33) 

at r* — > oo 



Now we will solve equation (I30p in the near horizon limit and then impose the above boundary 
conditions to find the frequency of QNM. 

Expansion of the metric coefficient around the event horizon yields, 

f(r) = f(r + )(r-r + ) + 0[(r-r + ) 2 } 

= 2 K (r - r + ) + 0[(r - r + ) 2 ] . (34) 

Here in the last step ([8]) has been used. Substituting this in the definition of 'r*' (|32j) and 
performing the integration we obtain, 

dr 



2n(r - r+) + 0[(r - r + ) 2 ] 



— ln(r - r+) + 0[r] (35) 
2k 
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Keeping the first term of £ /(r)' only and substituting in (|3"Tj) yields, 



V(r) ~ 2k(t — r + ) 



/(/ + 1) 2ki 



(36) 



Now substituting e = r — r + in the above and Taylor expanding around e = we obtain the 
near horizon form of the effective potential: 



V(e) ~ 2ne 



r± r i r + r + 



(37) 



Therefore, keeping only the first term in (|35p and then substituting (j37|) in (|30p . we obtain the 
near horizon "Schrodinger like equation": 



-4« 2 e 2 



d 2 F 



- 2 ^ 
AnTe— + 2«;e 



/(/ + !) 



<ie 2 de 
Solution of the above equation yields, 

■I y/K{2r+K + l+l 2 ) 



iE 



1 



r^/r+K+Z+P 



1 



ft - 



-) + -(i 

r i r + 



F 



F 2 



(38) 



,1 + 



iE 2ie y / r + K + I + P 



(39) 



where l U\ ]' is the confluent hypergeometric function. In the limit e << 1, the above solution 

reduces to the form 



(constant) e 



+ (constant) e- 



r(i) 



" v ^Ty / '-+«+'+' 2 h • 



1k 



" Tire; 



H ; — 7 -7772 S ' 



(40) 



Ik 



In the above expression we did not mention the explicit form of the "constant" since in this 
analysis it is not necessary. The second term of (|4Up represents the ingoing wave. Now since 
there is no outgoing wave in the QNM (|33p at r* — > — oo, the first term should vanish. This 
will happen at poles of the gamma function of the denominator of first term. The poles of this 
gamma function will ultimately determine the imaginary part of the frequency of the QNMs. 
The poles are given by 



En 



l + *(2n + l) 



(41) 



for the I = mode and n = 1,2,3,.... At these poles the gamma function on the numerator 
does not vanish. So, these will give the imaginary part of the frequency of the QNM. Hence, in 
this case the imaginary part of the frequency of the QNMs is 



Im f n = (2n + 1)k = (2n + 1) 



2itT h 



(42) 



where / = f . Of course, one can check this value by the perturbation method as done in [39J 
for another black hole solution in Hofava-Lifshitz gravity. 

Now the energy of the black hole is given by the ADM mass 'M' ([5]) and since from (142 
Im Af = Im(/„_|_i — f n ) = 47r ^ H , the adiabatic invariant quantity (|28p in this case yields, 



Use of first law of thermodynamics, ThcISbh = dM, then leads to, 



ladiab = J dSBH = ^SbH ■ (44) 

Finally, the Bohr-Sommerfield quantization rule 

ladiab = nh, (45) 
gives the spacing of the entropy spectrum: 

S n = Aim . (46) 

Although the exact value (|27l [46]) of the equi-spacing in the two methods does not coincide, 
their order of magnitude is same. This discrepancy may be due to the following reason. It has 
been shown in [36] that, if one calculates the entropy spectrum following [37], by incorporating 
both the uncertainty relation and the Schwinger mechanism, then the spacing between two 
adjacent levels is different from the calculation [37] where the latter effect is not considered. In 
this connection, one must note that the tunneling mechanism has a similarity with Schwinger 
mechanism [191 [40] and also, as we have explained earlier, the uncertainty relation is there. 
On the contrary, the QNM method incorporates only the uncertainty relation through Bohr- 
Sommerfield quantization rule (|45p . Hence it not surprising that we obtained a different spacing 
in the entropy spectrum in both methods. 

Finally, from the expression for the entropy of the black hole given by (|20p . we observe that 
it is not proportional to the area. Therefore, in this case, the area spacing is not equidistant. 
This is contrary to Einstein gravity but agrees with other examples like Einstein-Gauss-Bonnet 
gravity. 



6 Conclusions 

Some aspects of the quantum nature of black holes were studied for the black hole solution 
recently found in Hofava-Lifshitz gravity. We mainly concentrated on the Hawking effect and 
black hole spectroscopy. The analysis was done by our reformulated tunneling approach [17^118]. 
The advantage of this reformulated approach is that the emission spectrum was directly obtained 
instead of just the temperature, as happens in the conventional formulations [19 } 120 ) . Also, as 
an application, the nature of spectroscopy of the black hole was discussed, following [23]. 

In the semi-classical limit, the analysis showed that the emission spectrum was perfectly black 
body with a temperature proportional to the surface gravity. This reproduced the familiar form 
which occurs in known theories, e.g. Einstein and Einstein-Gauss-Bonnet gravities. Using the 
first law of thermodynamics the entropy was also calculated. The standard Bekenstein-Hawking 
area law was violated since there was an additional term proportional to logarithmic of area. 

Also, we discussed about the spectrum of entropy/area of the black hole in two distinct ways 
- the tunneling and QNM approaches. Both revealed that the entropy spectrum was equispaced 
in the large quantum number limit as usually happens for Einstein gravity and Einstein- Gauss- 
Bonnet gravity. On the other hand, since the entropy was not proportional to the area, the area 
spectrum was not equispaced. Consequently, it has a similarity with the Einstein-Gauss-Bonnet 
theory, rather than the usual Einstein gravity. We hope that the several new results and insights 
gained from our analysis would help in providing a better understanding of the black holes in 
Hofava-Lifshitz gravity. 
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